We try to increase the fundamental symmetries of the anyonic particle with the help of the symplectic formalism of constrained systems and gauging the model. The main idea of this approach is based on the embedding of the model in an extended phase space. After the gauging process had done, we obtain generators of gauge transformations of the model. Finally, by extracting the corresponding Poisson structure of all constraints, we compare the effect of gauging on the the phase spaces, the number of physical degrees of freedom, and canonical structures of both primary and gauged models.
Introduction
The prototype Lagrangian for a free relativistic particle with mass m, can be considered as similar to its nonrelativistic congener, i.e. L = 1 2 mẋ 2 . Apparently, this Lagrangian does not apply any restriction on the particle to obey the second principle of relativity, i.e. having the velocity less than the speed of light. To remove such an ambiguity, we can use the Lagrangian of the free relativistic particle as,
Although this Lagrangian satisfies the second law of relativity, it depends only on the momenta (phase space coordinates) and must be transformed to the configuration space (i.e. to be a function of coordinates and corresponding velocities), using a proper map. Replacing the relativistic momentum with the four velocity of the particle, we obtain the appropriate Lagrangian for the free relativistic particle [1] . Also, the Lagrangian (1) dose not include any spin degree of freedom. In classical mechanics point of view, this degree of freedom is not an observable quantity, but it will be emerged after quantization is applied. The spin can be classically added to the model with the help of a spacelike vector n µ which satisfies the nonphysical condition, n 2 + 1 = 0. A proposed scalar relativistic Lagrangian is,
This Lagrangian describes a particle with an arbitrary spin degree of freedom, which is called anyon [2, 3, 4, 5, 6] . Due to its interesting statistics, it has been used to modelling different phenomena in physics, such as fractional quantum Hall effect, high-Tc superconductivity, and even describing some physical processes in the presence of cosmic strings [2] .
Phase space of the Anyonic Model
Now, we want to increase the gauge symmetries of this Lagrangian, in order to investigate whether the classical form of the spin degree of freedom will contain the physical property. Our tool to do such an investigation is the symplectic formalism [7, 8, 9, 10, 11] .
Using the definition of the canonical momentum, we will have,
which, p µ and ℘ µ are conjugate momenta of x µ and n µ respectively. The space-like condition of the added spin vector, imposes the following primary constraint as,
which is recognised as a first class constraint, afterwards. Also, the definition of momenta obtained in (3), produces some identities as follows, which depend on phase-space coordinates. These identities are called constraints and defined on the constraint surface.
Considering the Dirac's classification of constraints, we see that φ 0 and φ 1 are first class constraints, while φ 2 and φ 3 are second class ones [12] . These second class constraints help us to describe the particle only with (x µ , n µ ) and their corresponding momenta with the Poisson structure which is obtained via Dirac's brackets as follows.
Obviously, this phase space is a noncommutative one in quantization [13] . While, the first class constraint φ 0 confirms the existence of a gauge symmetry in the model. As a matter of fact, we desire to increase those symmetries. Nevertheless, we want to check that this symmetry enhancement will be gained only with the help of n µ , or there would be existed some new degrees of freedom for the particle.
Indeed, having a second class constraint in the model indicates the presence of the redundant degree of freedom which spoils gauge symmetry [14] .
Gauging the Anyonic Model
In order to gauge the model, we must be assured that the canonical Hamiltonian is existed. But, we see that for this model,
which is vanished exactly. Hence, the embedding procedure to enhance the gauge symmetry of the model is not applicable any more. The main reason is that this model is a mixed model, consisting of both first class and second class constraints.
To surmount the difficulty, we can use some auxiliary coordinates, such as auxiliary conjugate variables like (ξ, π), to extend the phase space of the original model and convert a mixed physical system to a pure second class model, using the following extensions [15, 16] ,
and transform the Lagrangian (2), using a gauge fixing term in the following replacement,
Since this replacement is a gauge fixing term which is inserted in the gauge invariant Lagrangian, the arbitrariness of the gauge dependent variables will be destroyed and via the variation of the new Lagrangian, we obtain same equations of motion for the gauge invariant quantities. It has been shown that the added variables and their corresponding momenta can be eliminated at the end of the gauging process, if they are second class in comparison to other constraints, using their constrained equation [17] .
Thus, the Lagrangian (2) will be modified to,
The Symplectic Formalism of Modified Anyonic Model
In the previous part, we added some gauge symmetry to the anyonic model artificially via (10) . In this part we start the symplectic procedure to increase the gauge symmetries of the modified anyonic model [18] . Corresponding momenta, which are calculated before as the relations (3), are now changed to the following relations, having three variables instead of two.
Calculating the canonical Hamiltonian, we have,
Apparently, this system has the following primary constraints,
We observe that except the constraint (4), all constraints in (5) to (7) are modified. This shows that (4) will be remained intact during the embedding formalism and thus, it can be ignored to the end of the process. Now, by introducing constraints φ i into the canonical sector of the first-order Lagrangian L (0) , by means of the time derivative of Lagrange multipliersλ i , we get the first-iterative Lagrangian L (1) as,
where, V (0) is obtained in (13) .
Applying symplectic formalism, one can obtain the existed secondary constraint of the model as,
It has been shown that one can construct the gauged Lagrangian by enlarging the phase space and adding a Wess-Zumino (WZ) term to the first order Lagrangian as,L
where, L W Z is a function depending on the original coordinates and WZ variable, defining with the help of two generators G (1) and G (2) [17, 19] .
Checking the Poisson brackets of the constraints (14) to (16), we see that φ 1 is first class with respect to the others. So, the generators G (1) and G (2) are defined by following relations [17] ,
In the above equations, θ is the WZ variable, and its conjugate momentum, p θ which will not be appeared in the gauged model, is a first class constraint. Thus, it is the sign of the presence of the gauge symmetry in the obtained model. Bringing this result into the first order Lagrangian, we obtain the gauged Lagrangian as,
Also, we can read off the embedded canonical Hamiltonian as,
3 Poisson structure of the gauged model
Now, we calculate all constraints' corresponding momenta, using p λi =
, and Φ 4 = p θ . Now, one can check out the consistency conditions,
where,H
Due to the fact that {Φ i , Φ j } = 0, secondary constraints will be obtained, calculating Ψ i = {Φ i ,H c }. Thus,
Now, calculating the consistency condition for Ψ i s, we obtain the other parts of constraints chain structure.
At this level the consistency will be terminated. It is about time, we should consider one of the primary constraints which is left over during the symplectic procedure (4). From its consistency condition, we have,
Now, we obtained all existed constraints of the model in the following chain structures.
It seems that we are in trouble, since we have encountered with the bifurcation in the first and third lines of (34), which is not desirable. Thus, we should determine the branches that should be eliminated, in order to solve the problem of bifurcation. To overcome such a problem, we can propose two solutions.
First, If we try to eliminate λ 3 , i.e. we get λ 3 = 0, our chains will be as follows.
which determines a coefficient
which is in contradiction with
It is apparent that this contradicts our assumption. Second and as a most proper approach, if we take Ψ 0 = λ 3 = 0, then the canonical couple, Φ 3 = p λ3 and λ 3 , are constraints themselves and one can throw them away without considering them, calculating all Dirac brackets. We are allowed to do this elimination due to the fact that constraints which determine coefficients are second class constraints, while others are first class ones [16] . Therefore, the chain structure, Φ 3 → Ψ 3 → Λ 3 , will have never been taken into the account, forever. Thus, in (34) we will have first, second, third and fifth lines, only.
According to this consideration, we would have more first-class constraints, because the Poisson brackets depending on the mentioned chain structure would remove easily.
Rewriting the changed constraint according to our consideration, we have,
After extracting all possible constraints, using the simplified forms of them, we obtain only three first class constraints as, φ 0 , Φ 1 and Φ 2 , which their Piosson brackets with others vanish. Also, we find six second class constraints in the model as,
This classification can be done with the help of the algorithm introduced in [16] . So, the corresponding Poisson brackets matrix of these second class constraints will be,
we will obtain the following Dirac brackets, which indicates the Pois-son structure of the modified anyonic particle.
We see that in comparison with (8), the modified anyonic particle is remained noncommutative, but with a more extended phase space [13] .
Physical Degrees of Freedom
The number of physical degrees of freedom can be obtained with the help of following relation,
where, Q i is the number of coordinates, and FC i and SC i are the numbers of first class and second class constraints respectively [24] . In a (2 + 1) dimensional spacetime, the number of physical degrees of freedom for original model is,
while, for the modified model it will be obtained as,
Aparently, the gauged model has three extra physical degrees of freedom in comparison with the original model, which can be interpreted as the interaction of the particle with the electromagnetic (gauge) field [2, 20, 21, 22, 23] .
Gauge Transformations' Generators
The generators of infinitesimal gauge transformations can be obtained with the help of Poisson brackets of the first class constraints and the phase space coordinates of the Lagrangian (22), i.e. χ α , via the following relation [24, 25] , δχ
where, ǫ i are infinitesimal time dependent parameters, and φ i are firstclass constraints . So, the the infinitesimal gauge transformations of the modified anyonic particle model which determine its gauge symmetrise are as follows,
Apparently, the Lagrangian (22) and the corresponding Hamiltonian are invariant under these transformations.
Conclusion
In relativistic classical mechanics point of view, the basic Lagrangian of the anyons are constructed with the help of some nonphysical coordinates, such as n µ . The corresponding angular momenta of these coordinates make any spin for the particle in quantization process. Classically, relating physical degrees of freedom of particle to its quantum spin is an unsolved problem.
Our tool to investigate this problem is gauging via the symplectic procedure. We observe that the nonphysical constraint, i.e. n 2 + 1 = 0 will not be affected. So, the gauged model of anyons remains anyonic. But, in this manner, we propose another procedure, like BFT [26, 27, 28, 29, 30 ] with which we are working now, within which we predict that the mentioned constraint will be affect. Hence, after gauging the anyon's Hamiltonian, we derive an interacting model. Dirac brackets of the new gauged model show that the new model is noncommutatitve after quantization is applied [31] .
Moreover, as we mentioned before, we find some correction terms in our results, which can be considered as interaction terms of anyon and electromagnetic (gauge) field. Extracting and comparing these terms with others [2, 20, 22] , will be done with the help of constraints equations in future.
At the end, by eliminating new variables, we witness that none of them is remained in the new model, and counting physical degrees of freedom of two models, confirms our claim (See (39) and (40)).
